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Study of pulsational instabilities in models of δ Scuti
pulsators discovered under the Nainital-Cape Survey
Abhay Pratap Yadav∗
Government Model College Shahpura, Dindori 481990, India
Abstract: Under the Nainital-Cape Survey, eight δ Scuti type pulsators have been discovered with the pulsa-
tion periods in the range of several minutes to few hours. In order to understand these observed pulsational
variabilities, we have performed non-adiabatic linear stability analyses in models of these stars having mass in
the range of 1 to 3 M⊙. Several low order p-modes are found to be unstable where the pulsation periods associ-
ated with these unstable modes are in good agreement with the observed periods. Particularly for HD118660,
HD113878, HD102480, HD98851, and HD25515, we demonstrate that the observed variabilities can be ex-
plained with the low order radial p-mode pulsations.
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1 Introduction
The Nainital-Cape survey started in the late 1990s with the aim to search and study pulsations in
Ap and Am stars using high-speed photometry and high-resolution spectroscopy. Under this survey,
more than 300 stars are monitored. This resulted in the discovery of eight new δ Scuti (δ Sct) type
pulsators (for the detailed results of the survey, see e.g., Ashoka et al. 2000; Balona et al. 2013, 2016;
Martinez et al. 2001; Joshi et al. 2003, 2006, 2009, 2010, 2012a, 2012b, 2014, 2016). The δ Sct
pulsators are main sequence Pop I stars having mass in the range between 1.5 and 2.5 M⊙. Pulsation
periods of these stars lie in the range between 18 minutes to 8 hours (Aerts et al. 2010). These
pulsations are believed to be driven by the κ-mechanism operating in the second ionization zone
of helium. However, detailed asteroseismic modelling of these stars is required to understand the
excitation mechanism and pulsation properties. So far, asteroseismic modelling of the δ Sct pulsators
discovered under the Nainital-Cape survey has not been done. This motivated us to perform the
modelling for these eight stars to enhance our present understanding of their pulsational variabilities.
Most of the atmospheric parameters, including chemical compositions, for these eight δ Sct pulsators
have been compiled by Joshi et al. (2017) using observed and synthetic spectra. In this survey, several
monitored stars do not exhibit any photometric variabilities to the detection limit of the observations
used. Hence it would be interesting to find the cause for the absence of pulsations in this set of
observed stars.
Out of eight pulsators discovered under the Nainital-Cape Survey, the present study is primarily
focused on HD13038, HD13079, HD25515, HD98851, HD102480, HD 113878, and HD118660
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(Table 1). Since the star HD12098 is a part of another ongoing asteroseismic analysis, it has been
excluded in the present study. HD 12098 is a rapid oscillator with a period of 7 minutes, classified as
a F0-type star (Martinez et al. 2001).
The models are described in Section 2. The method used for the linear stability analysis is outlined
in Section 3, followed by the results in Section 4. We end with a discussion and our conclusions in
Section 5.
2 Stellar Models
In order to study the instabilities present in the δ Sct stars, we have considered stellar models having
mass (M) in the range of 1 and 3 M⊙ with solar chemical composition (X = 0.70, Y = 0.28, and
Z = 0.02, where the fraction of hydrogen, helium, and heavier elements are represented by X, Y
and Z, respectively). The effective temperature (Teff) and luminosity (logL/L⊙) of these seven stars
as given in Table 1 are taken from Joshi et al. (2017). Fig. 1 shows the locations of these stars
in the Hertzsprung-Russell diagram (HRD) along with the evolutionary tracks of the stellar models
having mass of 1, 2 and 3 M⊙ with solar chemical composition. These evolutionary tracks have been
generated using the ‘mad star EZ’ code1. The position of the theoretical δ Sct instability strip for
low order radial modes is also given on Fig. 1 (cf. Dupret et al. 2004, 2005). The location of the
considered stars is compatible with the theoretical instability strip of δ Sct stars. Therefore, these
stars are likely to have pulsation periods in the range of 18 minutes to 8 hours (see e.g., Aerts et al.
2010) as found in several other δ Sct pulsators (see e.g., Breger et al. 2005).
Table 1: Teff and logL/L⊙ of the considered stars (values published by Joshi et al. 2017).
Star Teff (K) logL/L⊙
HD13038 7960 ± 200 1.51 ± 0.19
HD13079 7040 ± 200 0.97 ± 0.22
HD25515 6650 ± 250 1.01 ± 0.26
HD98851 7000 ± 200 1.43 ± 0.21
HD102480 6720 ± 250 1.41 ± 0.26
HD113878 7000 ± 200 1.53 ± 0.28
HD118660 7550 ± 150 1.12 ± 0.27
Using the values of M , Teff and logL/L⊙, stellar envelope models have been constructed by
integrating the equation of mass conservation, hydrostatic equilibrium and energy transport from the
photosphere up to a chosen maximum cut-off temperature. The value of the cut-off temperature (of
the order of 107 K) has been taken in such a way that almost the entire part of the stellar envelopes
can be investigated for instabilities. Since the expected instabilities for δ Sct stars operate in the
ionization zones, the relevant part of the stars has been fully considered. Stefan-Boltzmann’s law and
the photospheric pressure (as given by Kippenhahn et al. 2012) have been taken as initial boundary
conditions for the integration. For the opacities, OPAL tables (Rogers & Iglesias 1992; Rogers et
al. 1996; Iglesias & Rogers 1996) have been used. The onset of convection is prescribed by the
Schwarzschild’s criterion. The standard mixing length theory (Bo¨hm-Vitense 1958) is used for the
convection with a value of 1.5 pressure scale heights for the mixing length parameter α. Dupret et al.
(2004) have shown that the excitation of modes is influenced by the treatment of convection as well
1http://www.astro.wisc.edu/˜townsend/static.php?ref=ez-web
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Figure 1: Evolutionary tracks of models having a mass 1M⊙ (blue line), 2M⊙ (black line), and 3M⊙
(brown line) are given from the zero-age main sequence (grey line). The red dots with error bars
represent the location of the 7 considered stars while the violet lines denote the blue (left) and red
(right) edge of the theoretical instability strip of δ Sct stars for low order radial modes as calculated
by Dupret et al. (2005).
as the choice of α. In order to examine the effect of α on the instabilities, we have used two additional
sets of stellar models of the star HD 13038 with α = 1.8 and 2.0, respectively.
3 Linear stability analysis
The present study is restricted to the radial perturbations (pulsation modes with degree ℓ = 0) where
the equations governing the stellar stability and pulsations are taken in the form as given by Gautschy
& Glatzel (1990b). These equations, together with boundary conditions, form a fourth order eigen-
value problemwhich is solved using the Riccati method as mentioned by Gautschy &Glatzel (1990a).
The resulting eigenfrequencies are complex (σr + iσi) where the real part (σr) is associated with the
pulsation periods and the imaginary part (σi) provides information about damping (σi > 0) or excita-
tion (σi < 0) of the considered mode. The eigenfrequencies are normalized with the global free fall
time
√
R3/3GM where R, G and M are the stellar radius, the gravitational constant and the stellar
mass, respectively. For the treatment of convection, we have used ‘frozen in approximation’ as intro-
duced by Baker & Kippenhahn (1965). Under this approximation, the Lagrangian perturbation of the
convective flux is disregarded.
4 Results
Linear stability analyses have been performed in the models of seven δ Sct stars discovered under
the Nainital-Cape survey. The representation of eigenfrequencies as a function of a stellar parameter,
particularlyM or Teff , is known as a ‘Modal diagram’ (for more details, see, e.g., Saio et al. 1998).
The real (σr) and imaginary (σi) parts of the eigenfrequency are given as a function of stellar mass
for the star HD 113878 in Fig. 2. Blue thick lines in Fig. 2(a) and negative value of the imaginary
parts in Fig. 2(b) represent the unstable modes. In Fig. 2(b), the region with σi < 0 is filled with light
blue. For this star, low order modes are excited. Instabilities associated with these modes are weak
3
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Figure 2: Modal diagram for HD113878. The real (a) and imaginary (b) parts of the eigenfrequencies
of radial modes (ℓ =0) normalized with the global free fall timescales are given as a function of stellar
mass for the models of HD113878, where Teff = 7000 K and logL/L⊙ = 1.53. Real parts represented
by a thick line (a) and negative values of the imaginary part in (b) correspond to excited modes. The
region with negative values for the imaginary part has a light blue background in (b).
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Figure 3: Modal diagram for HD98851, where Teff = 7000 K and logL/L⊙ = 1.43.
compared to their counterparts in more massive stars of the upper main sequence (see, e.g., Yadav
& Glatzel 2017a) which indicates that the δ Sct stars are likely to have smaller amplitude pulsations
compared to more massive stars. Modes in Fig. 2(a) are well-spaced and mode coupling phenomena,
as observed in the models of massive and evolved stars (see, e.g., Glatzel & Kiriakidis 1993; Glatzel
et al. 1993; Kiriakidis et al. 1993; Yadav & Glatzel 2017b), are absent. Fig. 2(a) also indicates that
the high order modes are completely damped and that the number of unstable modes increases as a
function of stellar mass. In case of HD113878, we have only two unstable modes for the model with
mass 1 M⊙ while six modes are unstable for the model having a mass of 3 M⊙ (Fig. 2).
Similar to HD113878, results of the linear stability analysis for the models of HD98851, HD 118660,
HD 102480, HD 13079, HD13038, and HD25515 are given in the Figs. 3, 4, 5, 6, 7, and 8, respec-
tively. Except for the star HD13038, low order p-modes are unstable in all models within the con-
sidered mass-range of these stars. For HD13038, unstable modes are only found for models with
M > 2M⊙ (Fig. 7). HD25515 is the star with the largest number of unstable modes (Fig. 8).
Considering the perturbation of convective flux, Dupret et al. (2004, 2005) have obtained theo-
retical instability strips for δ Sct stars. These authors have pointed out that the theoretical instability
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Figure 4: Modal diagram for HD118660, where Teff = 7550 K and logL/L⊙ = 1.12.
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Figure 5: Modal diagram for HD102480, where Teff = 6720 K and logL/L⊙ = 1.41.
2
4
6
8
10
12
1 1.4 1.8 2.2 2.6 3
σ
r
Mass [M⊙]
(a)
-0.0002
-0.0001
0
0.0001
0.0002
0.0003
1 1.4 1.8 2.2 2.6 3
σ
i
Mass [M⊙]
(b)
Figure 6: Modal diagram for HD13079, where Teff = 7040 K and logL/L⊙ = 0.97.
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Figure 7: Modal diagram for HD13038, where Teff = 7960 K and logL/L⊙ = 1.51.
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Figure 8: Modal diagram for HD25515, where Teff = 6650 K and logL/L⊙ = 1.01.
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Figure 9: Same as Fig. 7 but for mixing length parameter α = 1.8 (for HD13038).
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Figure 10: Same as Fig. 7 but for mixing length parameter α = 2.0 (for HD13038).
strip is sensitive to the opted value of α. So far, we have used α = 1.5 in the present study. In order
to examine the effect of α on the instabilities, we have calculated two additional sets of models for
the star HD 13038. Results of the linear stability analysis for models with α = 1.8 and 2.0 are given
in Fig. 9 and Fig. 10, respectively. From a comparison with Fig. 7, we learn that for models with α =
1.8 and 2.0, one additional mode is unstable and the instability region is extended to the lower mass
models, confirming the sensitivity of the results to the value of α.
In all these seven stars, the observed periods are in the range of several minutes to a few hours
(Joshi et al. 2017). The pulsation periods associated with the unstable radial modes found in models
of these stars are also in the same range. Fig. 11 shows the pulsation periods corresponding to the
different low order radial modes as a function of stellar mass for HD118660. Thick blue lines repre-
sent unstable modes while the observed pulsation periods of this star are displayed with dotted lines.
A gray column depicts a range of mass (associated with the evolutionary tracks) which is compatible
with the observed error box for HD 118660 in the HRD (Fig. 1). The observed period of 60 minutes
is consistent with an unstable radial mode for models with a mass close to 1.6 and 2.7 M⊙ (Fig. 11).
However, the observed period of 151.2 minutes can not be explained with unstable radial modes and
probably corresponds to an unstable non-radial pressure mode. The location of HD118660 in the
HRD (Fig. 1) suggests that the mass of this star is smaller than 2 M⊙, from which we conclude that
the mass of HD118660 is close to 1.6M⊙ if a radial mode is responsible for the observed 60-min
period. However, a linear stability analysis for non-radial perturbations is required to suffice this
conclusion.
Similar to Fig. 11 for HD 118660, pulsation periods associated with the low order radial modes
for the stars HD 113878, HD 102480, HD98851, HD 13079, HD13038, and HD25515 are given in
Fig. 12. For HD113878, a variability of 138.6 minutes has been observed that can be explained by
the low order radial mode excited in models of HD 113878 having mass of ∼ 1.8 M⊙ (Fig. 12, top
left). The observed period of 156 minutes in the photometric data of HD102480 can be elucidated
with the help of an unstable radial mode found in models with a mass near 1.85 M⊙ (Fig. 12, top
right). An unstable radial mode consistent with the period of 156 minutes is also present in models
of HD102480 having mass close to 1.3 M⊙. In addition to the period of 156 minutes, another period
of 84 minutes has been observed for HD102480 which is consistent with an unstable radial mode
present in models of this star with a mass near to 2.7 M⊙. However, considering the compatible mass
range (1.75 M⊙ to 2.15 M⊙) represented by the gray region in Fig. 12 (top right), we can exclude the
unstable modes present in models with a mass close to 1.3 M⊙ and 2.7 M⊙ as an explanation for the
observed variabilities in HD102480. A model of HD 98851 with a mass of 2.1 M⊙ has an unstable
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Figure 11: Periods associated with different modes as a function of stellar mass for the models of
HD 118660. Thick blue lines correspond to the unstable modes and dotted lines represent the observed
periods. The gray column represents a range of mass associated with the evolutionary tracks which
are compatible with the observed error bar in the HRD for this star.
radial mode whose period is exactly matching with the observed period of 162 minutes (Fig. 12,
middle left). An observed period of 81 minutes for HD98851 is consistent with an unstable radial
mode present in models having mass ∼ 2.9 M⊙ but this solution can be disregarded as the mass of
these models is far from the compatible mass range (1.8 M⊙ to 2.2 M⊙) found for this star (Fig. 12,
middle left). Variability with a period of 73.2 minutes has been reported for HD 13079 (Fig. 12,
middle right). In our stability analysis, we do not find any unstable radial mode capable to explain
this observed period for models having mass in the compatible mass range (1.49 M⊙ to 1.80 M⊙) of
HD 13079. Only models with a mass greater than 2.7 M⊙ are consistent with the observed period. In
the case of HD 13038, two periods of 28.7 and 34.0 minutes have been observed (Fig. 12, bottom left).
In the stability analysis, we have not found unstable radial modes in this period range in the models of
this star. Variability with a period of 166.8 minutes has been reported in the data of HD25515 which
can be interpreted by an unstable radial mode found in models of the star with a mass close to 1.8 M⊙
(Fig. 12, bottom right). For this star, models having mass close to 1.1 M⊙ also have an unstable mode
with a period of 166.8 minutes but this mass is outside the compatible mass range (1.45 M⊙ to 1.90
M⊙) of HD 25515. This solution can be excluded for further consideration. We therefore conclude
that if the observed period of 166.8 minutes is due to a radial mode, the mass of HD25515 is close to
1.8 M⊙.
5 Discussion and conclusions
In the present study, we have attempted the first step to understand the pulsational variabilities ob-
served under the Nainital-Cape Survey for low and intermediate mass stars with properties that place
them in the theoretical instability strip of δ Sct stars (Fig. 1). We have constructed the envelope models
of 7 stars and performed a non-adiabatic linear stability analysis for these models. For the construc-
tion of the stellar models, we have used the values of the required input parameters published by Joshi
et al. (2017). Results of the linear stability analysis have been discussed in terms of modal diagrams
where eigenfrequencies are given as a function of stellar mass. Generally, modes with higher eigen-
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Figure 12: Periods associated with different modes as a function of stellar mass for the models of
HD 113878, HD102480, HD 98851, HD13079, HD13038 and HD25515. Thick blue lines corre-
spond to the unstable modes and dotted lines represent the observed periods. Gray column represents
the range of mass associated with the evolutionary tracks which are compatible with the observed
error bar in the HRD for the considered stars.
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frequencies correspond to the higher order modes. From the modal diagrams (Figs. 2 - 8), we deduce
that several low order radial modes are unstable while the high order modes are mostly damped. The
periods associated with the unstable modes are in the range of several minutes to a few hours which is
in agreement with the observed periods of the δ Sct pulsators. For example, with the help of photom-
etry, Joshi et al. (2006) have reported a pulsation period of 60 minutes in HD118660. In our study,
the unstable modes found in models of HD118660 have pulsation periods equivalent to this observed
value (Fig. 11). Similarly for the stars HD 113878, HD 102480, HD 98851, and HD25515, most of
the observed variabilities are found to have periods which can be explained using the low order radial
modes in models with stellar parameters consistent with the observed ones for these stars (Fig. 12).
In the frequency spectra of the evolutionary stellar models with a mass of 1.8 M⊙, Pamyatnykh
(2000) and Dupret et al. (2005) have reported the presence of low order unstable radial modes where
consecutivemodes are separated with almost an equivalent distance in frequency (e.g., Fig. 1 of Pamy-
atnykh 2000 and Dupret et al. 2005). The outcome of the present study is in accordance with these
previous findings (Figs. 2 - 8). Dupret et al. (2004) have pointed out that the value of mixing length
parameter α can influence the instability and location of the instability strip of δ Sct stars. All our
calculations have been done for α =1.5 pressure scale heights, but for HD13038, we have also per-
formed additional linear stability analyses for α = 1.8 and 2.0. For these extra values of α, one addi-
tional mode is found to be unstable and the strength of the associated instability increases with the
value of α (Figs. 9 and 10).
The present study is restricted to radial perturbations. As non-radial pulsations have also been
found in several δ Sct stars, an extensive linear stability analysis with non-radial perturbations will be
very useful to understand the observed variabilities in the considered stars. Apart from that, the effect
of chemical compositions on the instabilities will also be of particular interest.
The Nainital-Cape survey has been a bilateral scientific effort between India and South Africa. So
far, observational studies of Ap and Am type stars have been the primary aim of this project. In order
to understand the reported variabilities (as well as null results) in the observed stars, asteroseismic
modelling is required and this study is a first step in this direction. Observing facilities as well as
the expertise related to asteroseismic modelling within the Belgo-Indian Network for Astronomy and
astrophysics (BINA) will be very useful to extend the studies done under the Nainital-Cape survey.
Moreover, a continuation of this project with the involvement of the BINA consortium will not only
boost the quality of scientific outputs but also foster a tri-nation (Belgium, India and South Africa)
collaboration.
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